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ABSTRACT

We propose a fast method to reconstruct a seismic horizon
with respect to a set of picked input points. The reconstruc-
tion domain is subdivided in quadrilateral domains which are
determined from input points while the entire horizon is ob-
tained part-by-part by juxtaposing independent partial recon-
structions. Each quadrilateral domain is mapped onto a rect-
angular domain on which a non-linear partial derivative equa-
tion relied on local dip is solved by an iterative process based
on a Poisson equation. The key point is the transformation
of the local dip, which allows to carry out a direct Fourier
method with a low computational cost.

Index Terms— Seismic horizon reconstruction, Poisson
equation, Fast Fourier method, Local dip transformation

1. INTRODUCTION

To improve seismic data interpretation and understand geo-
logical processes, many recent numerical frameworks have
been dedicated to seismic horizon reconstruction. A seismic
horizon is a hypersurface of a seismic image which delimits
geological layers. Applications scopes are various, like geo-
logical model building, reservoir characterization [1], chrono-
stratigraphic interpretation [2] [3] or fault detection [4]. Some
authors [5] [6] perform the reconstruction by an integration of
the estimated local dip along three-dimensional (3-D) seismic
data. Lomasket al. [7] consider a global approach through a
two-dimensional (2-D) non-linear partial derivative equation
(PDE) relied on local dip. The PDE is solved using a Gauss-
Newton approach by an iterative algorithm whose crucial step
is the resolution of a Poisson equation. In the case of complex
geometries, Lomask and Guitton [8] proposed to take into ac-
count geological constraints such as picked points. Neverthe-
less, the proposed method carries out an iterative algorithm
which implies that the computational cost is often prohibitive
for large data volume.

In this paper, we present a fast approach based on Lo-
mask’s iterative algorithm [7] to reconstruct a horizon with
respect to a set of picked input points. Considering the input
points as corners of quadrangles, the reconstruction domain of
the horizon is subdivided in quadrilateral areas. Parts of the
horizon are then reconstructed independently from each other

on subdomains while the entire horizon is obtained by jux-
taposing all reconstructed parts. Each quadrilateral domain
is mapped onto a rectangular domain through a geometrical
transformation. Instead of modifying the Poisson equation
as described in standard methods [9] [10], the key point of
our approach is the transformation of local dip: the Poisson
equation is therefore solved by a direct Fourier method which
guarantees a low computational cost. It can be noted that
this approach is valid outside the seismic application scope to
reconstruct an explicit surface in a finite-dimensional space
such as fibrous composite images and can be extended to an
implicit surface [11].

This article is organized as follows: section 2 introduces
Lomask’s horizon reconstruction algorithm, section 3 deals
with a new fast reconstruction method on non-rectangular do-
mains while the two last sections respectively describe the
part-by-part horizon reconstruction and exhibit results.

2. HORIZON RECONSTRUCTION ALGORITHM

A seismic horizon can be considered as a curved segment in
a 2-D space or as a surface in a 3-D space and is represented
by a functionf defined on a domainΩ. The functionf is
connected [7] to the tangentp of the local dip1 by a PDE:

∀ x ∈ Ω, ∇f(x) = p

(

x, f(x)
)

, (1)

where∇ denotes the gradient operator. In a 2-D (resp. 3-
D) space, x denotes a one-dimensional (1-D) variablex (resp.
a two-dimensional variable(x

1
, x

2
)) while the local dip is a

known one (resp. two)-dimensional vector giving the slope of
the horizon tangent line (resp. plane) compared to the space
axis~x (resp.~x

1
and~x

2
). The functionsf andp are respec-

tively considered of classC2 andC1.
The horizon is obtained by solving a constrained opti-

mization problem:

f = arg min
g∈C2

∫

Ω

∣

∣

∣

∣∇g(x)− p

(

x, g(x)
)
∣

∣

∣

∣

2
dx, (2)

assuming that either the horizon boundary or points belonging
to the horizon are known. Equation (2) is non-linear, thus

1The tangentp is previously estimated over the entire seismic data by a
gradient field principal component analysis [12].



an iterative algorithm is used to solve it [7]. The horizon is
initialized with a functionf

0
and the iterative step is made of

three parts : residual computation, update term computation
and updating.

• Residual computation:

∀ x ∈ Ω, rk

(

x
)

= ∇fk
(

x
)

− p

(

x, fk(x)
)

. (3)

• Update term computation:

The update termδfk is obtained by solving a Poisson
equation

∆(δfk) = −div(rk), (4)

where∆ and div denote respectively the Laplace operator and
the divergence operator.

If the horizon boundary is known, the Poisson equation is
associated with boundary values called Dirichlet conditions:

∀ x ∈ ∂Ω, δf
0
(x) = f(x)− f

0
(x)

and δfk(x) = 0 ∀ k > 0,
(5)

where∂Ω denotes the boundary of the domain.
If a unique point belonging to the horizon is known [7],

the derivative of the update term along the exterior normal~w

to the boundary are assumed to be equal to zero. The Pois-
son equation is then associated with boundary values called
Neumann conditions:

∀ x ∈ ∂Ω, ∇δfk(x) · ~w(x) = 0, (6)

where· denotes the dot product operator. The problems (4)-
(5) and (4)-(6) are called boundary problems.

If several points belonging to the horizon are known [8],
the Poisson equation is associated with “inner” conditions:

∀ x ∈ Ωc, δf
0
(x) = f(x)− f

0
(x)

and δfk(x) = 0 ∀ k > 0,
(7)

whereΩc denotes the union set of all known points. The prob-
lem (4)-(7) is called inner problem.

• Updating:

∀ x ∈ Ω, fk+1(x) = fk(x) + δfk(x). (8)

Usual stopping criteria [7] consider the norm of the resid-
ual or a maximal numberK of iterations.

The ability to compute the update term determines the
computational efficiency of the reconstruction method. On
a 1-D domain and a 2-D rectangular domain, fast Fourier al-
gorithms [13] can be applied to solve the boundary problems.
The update term is computed in one step:

δfk = FT−1

[

FT[−div(rk)]
FT[∆]

]

, (9)

where FT and FT−1 denote respectively the Fourier transform
and the inverse Fourier transform . However, the Fourier algo-
rithms can not be carried out to solve the inner problem on the
aforementioned domains. Iterative methods like descent di-
rection approachs and relaxation algorithms are thereforepro-
posed in the literature [14]. On 2-D non-rectangular domains
(excepted on a disk), both problems lead to complex matrix
inversions. For some particular domains diffeomorphic to a
rectangular domain and called pseudo-rectangular domains
in this paper, an alternative method is to map the physical
domainΩ onto a rectangular computational domainΩ′ by in-
troducing a diffeomorphic transformation [9] [10]. On the
domainΩ′, a differential operator with variable coefficients
takes place of the Laplace operator in (4). Although less com-
plex than those described previously onΩ, matrix methods to
solve (4) onΩ′ [15] [16] are relatively slow whereas Fourier
algorithms are irrelevant.

3. FAST RECONSTRUCTION ON
PSEUDO-RECTANGULAR DOMAINS

3.1. Local dip transformation

In this section, we present a fast horizon reconstruction on
a pseudo-rectangular domain, assuming that either the hori-
zon boundary or a unique point belonging to the horizon is
known. Instead of replacing the Laplace operator in (4), the
right term−div(rk) is modified by a local dip transforma-
tion. The boundary problems can then be solved by a Fourier
algorithm.

We propose to apply on (1) the diffeomorphic transforma-
tion F which maps the pseudo-rectangular domainΩ onto a
rectangular domainΩ′. The transformation is defined by

∀ x ∈ Ω,

[

y
1

y
2

]

= F(x) =

[

F
1
(x)

F
2
(x)

]

∈ Ω′. (10)

The gradient field of the functionf is consequently relied on
a vector field by a PDE:

∀ y ∈ Ω′, ∇f(y) = p
′
(

y, f(y)
)

, (11)

where y denotes the 2-D variable(y
1
, y

2
). The 2-D vectorp′

is the tangent of the transformed local dip, which gives the
slope of the horizon tangent plane compared to the axis~y

1

and~y
2

of Ω′. It is expressed by

p
′ =

[

J
F

T
]−1

p, (12)

where
[

J
F

T
]−1

is the inverse of the transpose of the transfor-
mation Jacobian matrixJ

F
defined by

J
F
(x) =





∂y
1

∂x
1

(x)
∂y

1

∂x
2

(x)
∂y

2

∂x
1

(x)
∂y
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∂x
2

(x)



 . (13)



Proof. Derivatives onΩ andΩ′ [9] are connected by the rela-
tion





∂f
∂x

1

∂f
∂x

2



 =
[

J
F

T
]





∂f
∂y

1

∂f
∂y

2



 . (14)

According to equations (1) and (14),

[

J
F

T
]





∂f
∂y

1

∂f
∂y

2



 = p. (15)

Multiplying both sides of (15) by
[

J
F

T
]−1

leads to (12).

3.2. Example of the quadrilateral domain

A quadrilateral domain is an example of pseudo-rectangular
domain. The diffeomorphic transformationF introduced to
map a quadrilateral domain onto a rectangular one is a ho-
mography defined by a3 × 3 matrixH = [hji] (see Fig. 1).
The transformation is given by:

∀ x ∈ Ω,

[
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1
(x)

F
2
(x)
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Fig. 1. Quadrilateral domainΩ and rectangular domainΩ′

obtained by a homographyF .

4. PART-BY-PART RECONSTRUCTION

Given a set of input points and its convex envelopeΓ, our
part-by-part horizon reconstruction method consists of four
steps:

1. Subdivision ofΓ in quadrilateral domainsΩ by consid-
ering the input points as corners of the domains.

2. Reconstruction of the horizon part on the corners and
along the boundary∂Ω of Ω.

3. Reconstruction of the horizon part onΩ.

4. Reconstruction of the entire horizon onΓ by juxtaposi-
tion of all reconstructed horizon parts.

A Delaunay triangulation is firstly performed for the input
points [17]. Each triangle can secondly be subdivided in three
quadrilateral elements by considering the center of mass asa
shared corner [10]. As a result, the corners of the quadrangles
are the input points, the midpoints of the sides and the centers
of mass of the triangles while the boundaries are the sides
and a part of the medians of the triangles (see Fig. 2). For
each domainΩ, the four segments constituting the boundary
∂Ω are reconstructed in a 2-D space by the one-dimensional
version of the horizon reconstruction algorithm even though
the two-dimensional transformation defined by (12) is applied
to the local dip tangent. These segments are then used as
Dirichlet conditions in the algorithm to obtain the 2-D horizon
part onΩ. As the method is clearly suboptimal, the choice of
the computational domain size is a crucial step:Ω′ must be
large enough to avoid losing data accuracy but not too large
to keep a low computational cost. The width and the height
of Ω′ are two independant sizes linked to the sizes of the two
pairs of opposite sides ofΩ. They can be taken as the shortest
(Min) or the longest (Max) size as well as the arithmetic mean
(
∑

)

or the geometric mean
(
∏
)

of each pair. To reduce
computational cost, each considered size can be replaced by
the closest size which is optimal for a fast Fourier transform
algorithm (for instance FFTW library [18]).

Fig. 2. Set of quadrangles with respect to 27 input points (red
disks).

5. RESULTS

Part-by-part and Lomask’s global optimization methods [8]
are evaluated and compared on real seismic data (1,000×

400 × 350, see Fig. 3). Complex geometries and conver-
gent structures of the processed data result in an extremely
noisy estimated dip, so a set of 14 input points are sequen-
tially picked in critical regions (peaks, bassins, etc.) ofthe
horizon to be reconstructed, starting from an initial set of13
points. The numberK of iterations is empirically fixed to
30 to reach convergence of both methods. For the part-by-
part method, the 27 input points lead to 126 quadrangles (see
Fig. 2). For the global optimization method, each update
term computation through a direction descent approach re-
quires 300 iterations and the algorithm has to be initialized
with a functionf

0
close to the solution. The functionf

0
pro-

posed in [8] is obtained from a horizon reconstructed over
the entire domain by assuming that only one particular input
point is known. The part-by-part and the global optimization



Fig. 3. Seismic data and part-by-part reconstructed horizon
with respect to a set of 27 input points (red spheres). Only
the orange quadrangles are recalculated when displacing the
yellow point.

(a) Part-by-part reconstruction cross-section.

(b) Global optimization reconstruction cross-section.

Fig. 4. Part-by-part and global optimization reconstructions.

horizons are compared on a data cross-section for 27 input
points (see Fig. 4). They are close to the visible horizon,
which proves precision and noise robustness of both methods.
Nevertheless, the global optimization horizon is not perfectly
superimposed with the visible horizon on the left side, so the
part-by-part method locally results in better quality horizons.

Computational costs for 27 input points are grouped in
Table 1. In all cases, the cost of the part-by-part method is
lower than the cost of the global optimization method, up to
almost 30 times for the optimal shortest side size. This can
principaly be explained by two reasons. Firstly, the cost of
the initialization step proposed in [8] is higher than the cost
of the entire part-by-part horizon reconstruction withoutcon-
sidering the local dip transformation step. Secondly, the up-
date term is computed in one step in the part-by-part method
whereas a large number of iterations is required in Lomask’s
one.

Adding or displacing vertically one input point causes a

Size ofΩ′ Part-by-part method Global
optimization

Normal size Optimal size
Min 3.3 2.7

79.1
Max 9.98 6.43
∑

5.82 4.26
∏

5.4 3.78

Table 1. Computational times in seconds versus rectangular
domains sizes for 27 inputs points.

Number of input
points

Entire
reconstruction

Incremental
reconstruction

13 3.8 –
18 3.73 0.627
23 3.72 0.603
27 3.78 0.5

Table 2. Computational times in seconds of the part-by-part
reconstruction versus number of input points.

reestimation of the entire horizon with the global optimization
method, whereas only the quadrangles connected to the mod-
ified point need to be recalculated with the incremental part-
by-part method (see Fig. 3). While the computational cost of
the global optimization method does not depend on the num-
ber of input points, the costs of the entire and the incremen-
tal part-by-part reconstruction methods versus the numberof
points are presented in Table 2. As expected, the incremental
part-by-part reconstruction is extremely fast compared tothe
entire reconstruction and its time decreases when the number
of points increases. Incremental part-by-part method can con-
sequently be considered as a real-time method which allows
an interactive reconstruction of a seismic horizon.

6. CONCLUSION

We have developed a fast method to reconstruct a seismic
horizon with respect to a set of input points. Our approach
consists in a part-by-part reconstruction on quadrilateral sub-
domains. The key point is the transformation of the estimated
local dip instead of the derivatives to solve a Poisson equation
with a direct Fourier method, which guarantees a low com-
putational cost. The horizons obtained for real seismic data
prove accuracy and noise robustness of the method. They are
close to the visible ones and to those reconstructed by a more
time-consuming global optimization method. Moreover, our
approach allows a real-time interactive reconstruction.
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